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Abstract 

We consider a massless scalar Bose field interacting with two particles, one of them 
infinitely heavy. Neither an infrared nor an ultraviolet cutoff is imposed. In case the 
charge of the particles is of the same sign and sufficiently small, we prove the existence 
of a ground state. 

1 Introduction 

In a famous paper [20] Nelson studies the Hamiltonian of N particles interacting through a 
massive scalar Bose field. He proves that the ultraviolet cutoff can be removed at the expense 
of an infinite energy renormalization. In the sequel some qualitative aspects of the non-cutoff 
Nelson Hamiltonian were investigated. Frohlich [8] studies the energy-momentum relation 
for N = 1. Ammari [1] also assumes N = 1 and in addition supposes that the particle 
is conhned by an external potential growing at least quadratically at inhnity. He proves 
existence of a ground state and asymptotic completeness for the scattering of bosons from 
the bound particle. In our work we consider two particles, one of them is infinitely heavy and 
has charge eZ with Z > 0 the atomic number, and the other one has charge e. Following [20] 
the ultraviolet cutoff for the N = 2 Hamiltonian is removed. We also remove the infrared 
cutoff by taking the mass of the bosons to zero. As a byproduct the effective Coulomb 
interaction between the two particles becomes explicit. It is attractive for charges of equal 
sign. In other words, we study here a hydrogen-like atom, where the “electron” and “nucleus” 
interact through a scalar Bose field. Ultimately one would like to establish that the binding 
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energy of the atom is approximately still given by Balmer’s formula (e^Z)^mefr/2(47r)^ plus 
small radiative correction of order e®, where rUes is the effective mass as determined through 
the energy-momentum relation, see [18] and the discussion in the last section. Here we make 
a hrst step by proving the existence of a ground state for e sufficiently small. 

The inhnitely heavy nucleus is nailed down at the origin. The other particle has bare 
mass m. Its position is denoted by x, momentum by p = —i'Vx- We set h = l,c = 1 
throughout. The two particles are coupled through a massless scalar Bose held. In momen¬ 
tum representation the creation and annihilation operators of the held satisfy the standard 
CCR, 

[a{k), a*{k')] = 5{k — k'), 

[a{k),a{k')] = 0, [a*{k),a*{k')] = 0, k,k'&R^. 

The held energy is given by 

Hf = j u{k)a*(k)a{k)d?k 

as an operator acting on the symmetric Fock space, JF, over ,d^k). For zero 

mass bosons the dispersion relation is given by 

uj{k) = \k\. 

In position space the scalar Bose held is then dehned through 

(t){x) = [ ^ (e^’^-^a{k) + e-^^-^a*{k)) d^k. 

J*? ^2u{k) ^ ’ 

When smoothened by a real test function (p : R, the held is denoted by = 

/ - y)4>{y)dh- If / If(^)IV uj{k)d?k < cx), (p the Fourier transform of (p, then is a 

self-adjoint operator on JF for every x G 

O To distinguish we use e for Napier’s number, e = 2.718 ■ • •, and the slanted e for the 
charge. According to the standard conventions the hne structure constant is a = e^/47r. O 
With these conventions the cutoh Nelson Hamiltonian for our system reads 

® 1 + 1 ® Hi + eZ0^(O) -F e0^(a;), (1.1) 

acting on 

77 = L2(k 3) 0 jr. 

In contrast to the more familiar Maxwell held, under forces transmitted by a scalar held, 
charges of equal sign attract. Hence Z > 0 is assumed. For the form factor ip we choose 
specihcally 

{ D \ lc\ K 

(L)-3/2, K<\k\<K, (1.2) 

0, \k\>A, 

which means (p{x) = S{x) in the limits k —0, A —cx). 
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Proposition 1.1 is self-adjoint on the domain D{p^) nZl(iff) and bounded from below 
for arbitrary values of eZ. 

Proof: The interaction is infinitesimally small relative to the free Hamiltonian and the claim 
follows from the Theorem of Kato-Rellich. □ 


In spirit one would like to have (p{x) = 6{x) in (1.1). Unfortunately is both infrared 
and ultraviolet divergent: As ip(x) d(x), the anticipated ground state does not lie in 
Fock space and the ground state energy tends to —oo. These divergences are of a mild 
nature however and can be unraveled through the unitary Gross transformation which 
is generated by 

with id(k) = {oj{k) + |A;p/2m) \ As explained by Gross [11], the Gross transformation 
goes back to the intermediate coupling approximation by Tomonaga [25], who used it in a 
variational treatment of nuclear forces. It was picked up by Lee, Low, and Pines [15, 16, 17] 
and Gross [10] in the context of the ground state energy of the polaron problem, for which 
uj{k) = 1, (p{k) = l/\k\. In addition to it is convenient to scale out the mass m 
through the unitary transformation U\rn] defined by = rn~^x, U^rn]P^[m] = and 

= rn~^^‘^a {m~^k). A more complete discussion of scale changes will be given in 

Section 2. 

Here and in the following we mostly omit the tensor notation 0. We set U = e~'^U[m]- 
Note that (3 G Then U maps D{p^) fl D{Hf) onto itself with 

U*pU = m{p + eA^A + eA*^), 

U*xU = m~^x, 

U*a(k)U = (m-^k) + , ^ , 

^ ^ ^2uj{k) V 

where ^ 

A^a= / ^2^=k(3o{k)a{k)P'^-^d?k (1.4) 

^2uj{k) 

with (poik) = (p{mk) and 

Po{k) = ^|/c| + . (1.5) 

Following [20] one obtains 
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where 


HkA — -f^at + Hi + e{p ■ ■ p) + ^ {^kA + 2^kA ' + ^ka) ) (1-6) 

and 

H.t = lp" + V,^{x) (1.7) 

with the external Coulomb potential 

V^{x) = ( 1 . 8 ) 

A7r\x\ 

The Gross transformation generates in addition the correction potential 
Ka = ^ / ((27r)-' - \(p (k) |2) o; (A;)"' 

TTl/ J 

In the form (1.6) we remove both cutoffs. The simple piece is the correction potential 
I4 a- It satisfies |I4 a| < const\x\~^ and hence is relatively bounded with respect to H^t- We 
conclude that lim I4 a = 0 in the L^-norm. The convergence of if^A is the content of 

«^0,A—>oo 

Theorem 1.2 (removal of IR and UV cutoffs). There exist a strictly positive constant 
and self-adjoint operators TAkoo and H such that for every e with |e| < 

(i) converges to TTkoo as A ^ oo in the norm resolvent sense, 

(i) converges to H as k, ^ 0 in the norm resolvent sense. 

Proof: The claim follows immediately from Proposition 3.3. □ 


The limit H can be defined only as quadratic form. It has the obvious form Hamiltonian 
H = H^t + Hi + e{p-A + A*-p) + j[A^ + 2A*A + A^) , (1.9) 

where 

A = (27r)-3/2 f , ^ k(3o{k)a{k)R’^-^d^k. (1.10) 

^J2uj{k) 

Remark. Note that at k = 0 the transformation from (1.3) is no longer unitarily imple¬ 
mented and the Fock representation in (1.9) is disjoint from the one of (1.1). This point has 
been recently studied by Arai [2] and is also reflected in the structure of the corresponding 
functional measures [19]. 

As our main result we establish H to have a ground state in case \e\Z > 0 and |e| 
sufficiently small. 
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Theorem 1.3 (existence of a ground state). There exists a strictly positive constant 
such that for charge e with 0 < |e| < min e^y} the Hamiltonian H in (T9) has a ground 
state fjg. Let 

Nf = [ a*{k)a{k)dfk (l-H) 

he the number operator for the bosons. Then ipg G 

Remark. The smallness condition |e| < e^y is needed to have H of Theorem 1.2 well-dehned. 
It is an ultraviolet condition. The smallness condition |e| < comes from estimating the 
overlap of an approximating sequence of ground states with the Fock vacuum, which is lim¬ 
ited through the infrared behavior. Whether the restriction on e is artifact of the proof is 
not understood at present. It is conceivable that the ground state is lost at strong coupling. 
Clearly, H has no ground state for \e\Z > 0. 

The constant e^y is fairly explicit and given by the unique positive solution of 

C'uv(e^y) = I, (1.12) 


where Cuv is given by 




2 e 


e = 


TT 


A 


1 + 


1 


4% 


+ 




(14 + ^6 


TT e 


(1.13) 


Note that e^y depends on Z, e^y —> ci > 0 for Z —0 and e^y = C‘iZ~^l‘^ ioi Z ^ oo with 
certain positive constants ci and C 2 . ejj^ is slightly more indirectly dehned and discussed in 
Section 8 . 

The ground state issue for models of type (1.6) has been studied extensively in the past 
years. To put our result in perspective, we recall that the relevant parameters are fi;,A, and 
the behavior of the external potential at inhnity, Vex{x) = 0{\x\^) as |a;| — oo. Here we study 
the case k = 0, A = cx), and 7 = —1, since, by the dehnition of the Nelson Hamiltonian, I4x 
has to be the Coulomb potential. Ammari [1] considers fi;> 0 ,A = cx), 7 > 2 . Arai [ 2 ] and 
Lorinczi et ah [19] allow for k = 0, A < cx), 7 > 2. Arai has no restriction on the magnitude 
of e, since in his case the resolvent of ifat is compact. Bach et al. [5] have k = 0, A < cx, 
7 > 0. In their work there is a restriction on the size of |e|. This condition is removed in 
the beautiful work of Griesemer, Lieb, and Loss [9] who require k = 0, A < cx, 7 < 0. They 
also provide an extensive bibliography on earlier work which is mostly concerned with k > 0 , 
A < X. 

Our basic strategy to prove Theorem 1.3 has been used before. has a unique ground 
state 'ipKA- If t/’fcA converges to a non-zero limit vector as k — 0 , A —x, then fjg is 
a ground state of H. To make sure that 'ipg 7 ^ 0, one estimates its overlap with ■^at C) O, 
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the ground state of and the Fock vacuum, from which one immediate difficulty 
becomes apparent: As e —> 0, '^at delocalizes and the overlap is not so easily controlled. In 
this context, we emphasize that, in contrast to all previous work, the external potential Vex 
is hxed by the theory and not at our disposal. In particular for e —0, both the coupling 
to the held and the strength of Kx vanish. The overlap is controlled by a bound on the 
average photon number which in essence relies on the spatial localization in 

the form {'ip^A, /(a^)t/’KA)w with suitable / : M. For the choice f{x) = |a;|, the overlap 

estimate becomes poor as e —0. To improve we can only allow for a much slower increase 
of /, as f{x) = log(l + |a;|), thereby shifting the problem to the soft photon bound, i.e., to 
a bound on J\k\<i{'4^KA , a*{k)a{k)'ipfiA)d^k, for which we develop a novel and rather powerful 
iteration scheme. In comparison, the ultraviolet cutoff causes less difficulties, except for the 
fact that H is dehned only as quadratic form, which means that the resolvent of cannot 
be controlled through norm estimates. This difficulty “propagates” to the infrared regime, 
where standard estimation techniques can no longer be used. 

To give a brief summary: The removal of cutoffs and the existence of H are studied in 
Section 3. Section 4 deals with the binding energy and the existence of the cutoff ground 
state ipKA, for which spatial localization is established in Section 5. The average photon 
number bound is divided into {|/c| > 1}, hard photons, and {|/c| < 1}, soft photons (Sections 
6 and 7). Both estimates together yield a bound on the overlap with the decoupled ground 
state for 0 < |e| < min e^y}. Section 8, from which the main theorem then easily follows. 
In Section 2 we collect a few properties for scale changes which will be useful throughout. 
We conclude with some open problems in Section 10. 

2 Change of scale 

The Hamiltonian H and its cutoff iJ^A are written in relativistic units. Since the coupling e 
enters into both the strength of the Coulomb potential and the particle-field interaction, for 
small e the ground state is spatially delocalized and it seems more natural to transform H 
to atomic units, which will be implemented through a change of spatial scale by the factor 

r(r) = r G R, g > 0. (2.1) 

The free parameter g will be used to optimize our bounds. It will be convenient to set 

g = aZ\i (2.2) 

with a constant Ai and the hne structure constant. 

Remark. Relativistic units correspond to r = 0. On the other hand, the standard atomic 
units are r = a, i.e., r = 1 and Ai = 1/Z. 
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For ^ ^(1), ^(2)^... ^ J e 7^, we set 

{Ur^i^\x, A;i, • • • , kn) = f,3-/2^-3nr^(n) . . . ^ ^-2r (2.3) 

Then, Ur^Ur 2 = hh-i+T 2 ; Uq = /, and x,p,a{k) transform as 


U^xUr = Q-^x, U^pUr = g^p, 
U*a{k)Ur = g~^^ a{g-^^k). 
As a consequence transforms to 

= g-^^u:A^AU,,r 


with ^ 

A):|= / ^4^kpr{k)a{k)e^^^^^^-^£k 

y2|A;| 

and 

0r{k) = ^(^mg'^'^k^, pr{k) = (\k\ + g‘^^\k\‘^/2^ 

Note that U*N{Ur = N{ as it should be. 

Let us dehne the Hamiltonians Hlkjl through 


Hit = g-'^^u:H,j,Ur. 


,-2t 


(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 


Then we have 


KA = Hil^ + H, + Ht\ 


where the atomic part is given by 

77£’ = - 


aZr{—T) 


X 


2^ 


r(l — r) 
Ailxl 


with Ai of (2.2), and the interaction part by 

Hr = ee^P ■ Ar+A;i: ■ ?>+^ aa+ 2xr: ■ ati+a;'A) 


For we set 


H'At has the ground state energy 


E«=infa(iL«) =- 
and the normalized ground state 


aZYg~‘^'^ r(2 — 2r) 


2A? 


A'At\x) = 7 r-^/ 2 (aZ) 3 / 2 ^- 3 A 2 g-« 2 r(-r)|x| 


( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 

(2.14) 

(2.15) 


We set 

trCT) _ I TJ 

^0 — -tZat ~ -^at + -nf 


(2.16) 


and for r = 0, 


H. = K 


( 0 ) 


Hi = H, 


(0) 


TP _ JP{0) . TJ 


^ at 




at 5 


E., = e!°^ 


at ? 




at 


A 


( 0 ) 
at • 
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3 Existence of the limit Hamiltonian 


The free Hamiltonian Hq'’ defines the quadratic form 




for all i’ € 


Lemma 3.1 The quadratic form 


= eg^{p(p, + eg^{A^fl(f), pfj)n 




. Arn-u+ 2{AS^, A':ii,)n + 


is well defined on y Jqj- all k > 0 and A < oo. Moreover the bound 

\Bl:l( 4 >, 4 >)\ < c.(e,T)||(/f<'> + ( 3 .; 

holds, where C*(e,r) is defined by 

Cfie,T) = C*(a,r) 

= Vg ag~'^ + (1 — Effi)/n + —a(^g^'^ + 3^?'^ + 3^. (3.; 

Proof: As easy facts, for every -ip E one has 


We set C(A = 1 - Eifi. Then 


2CW (b 2> --Bi:’+ l) -p" 




C(A \ r(l — r) 

C(A - 1 I Aibl 


C(A - 1 


+ l) 


^ 2 (C”^’ - l) [(c^)' 

which implies that 

||p(B<'> + l)-‘/2|| < \/2(l-Bl:'). (3.4) 

On the other hand, by sandwiching (-Hf + + 1)^/^ in between A^PI^Hq^ + 1) and 

applying Lemma 11.2 (i) of Appendix A, one has 

ii4S(ffi'’+i)-‘'"ii = iKfff’+i)-''"4a*ii 
< ii4a(B, + i)-'/"ii = ii(B, + 


V^(27r)3/2 \7 r3 


p,2t \ 2 ',1/2 ^ 

dA < p-A 



Thus 


71 


It is easy to show that 

I(^La^,P^)h| = I(p^,^La^)h|- (3.7) 

By putting {Hq^ + + 1)^/^ in front of both ifj and using i7f < Hq \ it follows 

that 

\{i,,A':i\)n\ < iKft + + i)-‘'^ii ii(f;'> + 

On the other hand, by Lemma 11.2 (ii) of Appendix A, one has 

+ + < S(/^W,/^W), (3.8) 


where 


can be estimated as 


^m\ 




V2(27r)3/2 (7|fc|<i 


\k\(\k\ + ^\kA £k]^ < 


In the same way, 




V2(27r)3/2 \J\k\<i 


2r X -2 X 1/2 

l^l + Vl^n d^k\ < 


Also, 




V^(27r)3/2 (7|fc|>l 


2r X-2 xl/2 

l^l + ^l^n d^k\ < 


Moreover, one obtains 




V^(27r)3/2 \7|fc|>l 


y27r‘ 


\kr(\k\ + AikA\A''^ 


< Q~ 


-2- + ^ 

2x/27r 27r2 


From (3.8)-(3.13) one concludes that 

II (^r+(^r+^ 

which implies 


(3.10) 


(3.11) 


(3.12) 


(3.13) 


(3.14) 


I(^i^La^)h|< + IK^o"’+ (3.15) 
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By (3.5), one has 




,-2r 


’+iy'Vn < |^iiw’+i)‘''yiiy (s.w) 


Lemma 3.1 follows from (3.6), (3.7), (3.15)-(3.16). 


□ 


Lemma 3.2 Let e and r be such that C^,{e,T) < 1. Then, for arbitrary k, A,e with 0 < e 
and 0 < K, < A < oo 




mm 


(3.17) 


where Ci(e, r) is defined by 


Ci(e,r) = 1 - Cfie,T) 


r(T) 


ii(//s - El'i+ly'HHi'i - Bs+ tvy\ < 


X' 

-1/2 



Lr)j 




r)^ X 

(Xa 

~ Bnl + (e, r 

(W;l 

-4a 

+ Cfie,T)) and 


1 

\ 

-V2 ife<i, 

-./2|| 

< \ 

1 

1 



1 


if e > 1 


(3.18) 
Since we 


which is the assertion (3.17). 


□ 


In the case r = 0 let 

B.a( 0,^) = i?‘°>(0,^) + 5i°l(0,^) = (3.19) 

Since Cuv(e) = C*(e, 0), by (3.2) and the KLMN theorem (cf. [22, Theorem X. 17]), the 
second equality in (3.19) holds on the form domain provided that 

1^1 ^ ®uv 

Nelson [20] proves the following 
Proposition 3.3 Suppose |e| < Then 

lim fi,,A(^,^) = 5«,oo(^,^), K > 0, 

A^CXD 

and 

lini B«,oo(^,^) = B{'4),'4)) 

uniformly on any set of ip in which + ||t/’|| is bounded 


(3.20) 

(3.21) 
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In fact Nelson proves only (3.20). However, the claim (3.21) follows directly from Lemma 
3.1. 

An important consequence of (3.20) and (3.21) is the validity of Theorem 1.2. It follows 
from the KLMN theorem and [21, VIII.25], see also [1, Theorem A.lj. 

Remark. Clearly, by unitary equivalence, is well dehned for all r. However, if, for ex¬ 
ample, we had applied Lemma 3.1 directly to with Ai = 1/Z, i.e., for standard atomic 
units, we would obtain a lower bound as C*(e, 1) > > 1, and thus too large for the 

KLMN theorem. 


4 Ground state energy and binding energy 


We set 


= inf 


Then 


(4.1) 


Lemma 4.1 For every e with |e| < and arbitrary k,A with 0 < k < A < oo 

Eat — 1 < Egx — C'uv(e) < E^\ < Egx- 


(4.2) 


Proof: The upper bound is variational with trial function ipatix) ® H, where ipatix) is the 
ground state for Hat and hi is the Fock vacuum. For the lower bound, since —Hi < 
Cuv(e)iLo + C'uv(e) for |e| < by (3.2), 


Ho< 


1 Eat) T 

i — 


Cuv(e) 

1 ~ C'uv(e) 


Since Hq > 0, it follows that 


(4.3) 


EkK ^ Eat ~ Cuv(e) ^ Eat ~ C*uv(euv) ^ Eat ~ 1 


(4.4) 


using Cuv(e) < 1 for |e| < e^y. 


□ 


The bounds (4.2), together with Theorem 1.2 yield 


Lemma 4.2 IFe set i?Koo := inf a (iL^oo) and Eg := mfa{H). Then, for every e with 


e < 


lim 

A^OO 


liin 

K —>0 


E,. 


(4.5) 
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Proposition 4.3 For every e with 0 < |e| < and arbitrary k,A with 0 < k < A < oo, 
has a unique ground state G D{x^) fl D{Hf). 

Proof: The results in [5, 24] are applicable to and establish existence. In fact, the results 
of [5, 24] should be applied to dehned in (2.9) which equals after a change of units 
such that is removed from the external potential. By unitary equivalence, this implies 
the existence of the ground state for Using the technique of [9], presumably, the result 
can be extended to all e, e 7 ^ 0. In function space the semigroup e~^^^, t > 0, is positivity 
improving [4], which implies uniqueness. Finally, it follows from Proposition 5.3 (ii) that 
^/J^A e D{x^). □ 


Let '^ = inf (T °) where the superscript means that in (1.6) the external potential 
Vex is omitted. The (positive) binding energy is dehned by 

E^a = Elv^ - E^a, (4.6) 

which is the difference in energy for the electron at inhnity and in its ground state. Following 
the proof of Theorem 3.1 in [9], we show that U]?™ > 0. However, a slight modihcation is 
needed, since FTkA is normal ordered. 

Proposition 4.4 (striet positivity of binding energy). For every e with 0 < |e| < 

rribin \ 77' 

E^A ^ -Bat. 

Proof: Let '^at be the ground state of FTat, f/’at > 0 and ||'^at||L 2 = 1. For every e > 0 there 
exists a vector F eFL such that {F , + e. Then 

(^atU , {H,A - {E^r'’ + e + Bat) } Mh 

= (^atB , ^at - {E^a" + e) } E)h + (^atB , (i/at^at " Bat^at) E)h 

+ (^atB , (p^at) ■{{p+ eA^A + eAlff) F})-h. (4.7) 

The term 


(^atB , (pt/>at) ■ {(edl^A + eAl^) F})n 

= -ie [ fJa.t{x){Vfjat){x){F , (H^a + -4*a) F)jr{x)d^x = 0 , 
since it is purely imaginary and all other terms of (4.7) are real. Hence 

(V.,F, - (Fir" + « + F.t) } -Mn 

HlfF)Ax) - {Elf + 1) \\F\\%{x)}i,fxfrx 

+ [ {F, pF)jx{x)f:^t{x){pfj^t){x)d^x. (4.8) 
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By the translation invariance of for arbitrary y G there exists a translated vec¬ 

tor Fy e n so that (F, H^^^F):p{x) ^ {Fy, HX^^Fy)r{x) = (F, HX^^F)r{x + y) and 

\\nu^)^\\m{^) = \\nu^+y)- set 

~ {i^atPy , |FkA — ° + e + Fat^ I '4’a.tFy)'H 

= ^J (F, H^r°F)Ax) - (Fir" + £) ||F||5-(i)} ^.,(1 - y)AA 

+ / (F, pF)^(a;)^/>at(a: - y){p'|p^.t){x - y)d^x, 
where we used (4.8). Then we have 

^3 Qyd^y = ^3 J^^{F, {f^a=° - (fJ^=° + e) } F)^(a;)^/>at(a: - yfd^xd^y, 
since / ^/’at(a: - |/)(p^at)(a: - = 0, and 

JR3 

SJ„<iy = (F, {H^r” - {Fa” + «) } F)h < 0, 

which implies that there exists yo G such that Qy^ < 0. We conclude that F^° — 
Fka > —Fat — e- Since e is arbitrary, taking e \ 0, we obtain F^° — F^a > —Fat for all 
0<k<A<cx). □ 


We set 


F, 


_ ; 

kA 


Ma {h'A''-”) = e-^-Brr". 


(4.9) 


where 


tt(t)V—0 _ 2ttt* ttV=0tt 

Fka — Q 


Then, it follows from Lemmas 4.1 and 4.4 that 


fS’ - < FI < F’ 


and 


inf {E^:l 

0<k<A<oo^ 


at 


Fa) > -F 


(4.10) 

(4.11) 


for |e| < Cyy. 


5 Localization in position space 


The coupling to the Bose held makes the electron effectively heavier. Thus, the spatial local¬ 
ization should become better with increasing coupling. In this section we prove exponential 
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localization uniformly in k, A for |e| < e^y. In fact the localization length is off only by a 
factor 2 from the one of the uncoupled hydrogen atom. 

As already used in [5, 9], the localization serves as an input to the soft photon bound. 
Unfortunately, in our estimate the constant in front of the exponential depends so badly on 
e, Z that eventually one would have to impose a lower bound on Z, which should be avoided 
since also e^y depend on Z. The constant can be improved by estimating only lower 
order moments. We will explain the bound for the average of |a;| and \x\'^. In our proof, in 
fact, we can allow only for the average of log(l + |a;|). 

Following the idea in the first part of the proof of [9, Lemma 6.2], we have the following 
lemma. 


Lemma 5.1 Let G he in non-negative function with 

sup|VG(a;)|, sup < cx). 

X X 

Then, for |e| < e^y, G D{G) and 


< A^<{sup|VG(a;)|^ + 2sup 


Gjxf 

Ai|a;| 


11^. 


( 1 ) ||2 
kA 11 ■ 


(5.1) 


Proof: First we prove (5.1) for in case of G G Then, from direct conputations, we 

have G D{G) and G D{H^^l). Since 


ijW z7'(i) n 


n(l) 


r(i) 


■^( 1 ) 


( 1 ) 


n(l)' 


r(i) 


n(l)' 


we have 


(G'^a, (H'» - E':i)G-rii)n = . 2i'^Giya>«- 


(5.2) 


On the other hand, we have 

(GVa, (h" 1 - E^i) GiP{)n = ( GVS, ( H, 

> (Ba''“” - •Ea)iiGvaii?< - g( . gv-s 

We have by (5.2) and (5.3) 


(i)V'=0 
kA 


Ailxl 


- Elfl Gfj^fl) 


/ H 


Ai 


X 


n 


(E<»''-° - Eiimcji < (vsTivGiGa)K+A/ ga.Sga 


A, 


X 


(5.3) 


(5.4) 


H 


The assertion (5.1) for G G G“(M^) follows from (4.11) and (5.4). For G satisfying assump¬ 
tions in Lemma 5.1, we take a sequence of G„ G G“(M^) such that Gn{x) < Gn+i{x) < G{x) 
for each n G N, Gn{x) —a G{x) for almost every a; G R^, and |VG„(a;)| < n“^G„(a;)-|-|VG(a;)|. 
Then, by Lebesgue’s monotone convergence theorem and (5.1) for G„ G G“(]R^), we have 


l^|Gn(a;)ni^i'i||^(a;) = f \Gn{x)\^Ul^l\\Ux) 

l —^OCJ iL —^OCJ Ttoo 

< A2|sup|VG(a;)p + 2sup^^ 

L fc X Ai \x\ 


11^. 


( 1 ) ||2 
kA WH' 
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Thus, G D{G) and (5.1) holds for G. 


□ 


To have a more concrete estimate we set 

Gr{x) = Xr{\x\)9{x). (5.5) 

Here Xr{'^) = 0 for r < R/2 and Xr{'^) = 1 for r > R with linear interpolation. The 
parameter R > 0 serves as a variation which will be optimized at the end. g{x) is a twice 
differentiable satisfying 

snp |V 5 '(a;)|^ < oo. (5.6) 

R/2<\x\ 

Then, we have 

snp Isnp \g{x)\‘^ + 4:R~^ snp \g{x)\\Vg{x)\ + snp \Vg{x)\‘^. (5.7) 

^ R/2<\x\<R R/2<\x\<R R/2<\x\ 


For example, if g{x) = ^log(3 + c\x\) for a strictly positive constant c, then 



snp ^ < 4i? ^ log(3 + ci?) + 5i? 

X 

(5.8) 

Similarly if g{x) 

= then 

snplVG^P < 7R-\ 

X 

(5.9) 

and if g{x) = \x 

, then 

sup < 9. 

X 

(5.10) 

By Lemma 5.1 we have the following. 



Lemma 5.2 (spatial localization). Let g he differentiable and non-negative, satisfy (5.6), 
and Gj^{x) he defined in (5.5). 

(i) //snp^<l^l \x\-^\g{x)\^ < oo, then G D{g) and 

Ik^iAllw < { sup |^(a;)p + A?snp|VG'^(a;)p + 2Aisnp^^^|||^^)(||^ (5.11) 

tlx|<K a: X \x\ } 


for |e| < e^v. 

(a) //4Ai < R, then ipff G D{g) 

Ik^iAllw < { sup \g{x)\^ + ^ 

'^IxlKR ^ \zAi 


sup|VG'^(a;)|2|||^i)(||^ (5.12) 


for |e| < 
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Proof: We note that (1 — Xr)9 is a bounded operator. So, D{g) = D{G^) and the assertion 
(i) follows from Lemma 5.1 and 

Wgi’^lWn = 11(1-x« + xj 

< sup |c/(a;)ni^^((||^ +(5.13) 

|x|<ij 

On the other hand, by (5.4) and the same limiting argument as in the proof of Lemma 5.1, 
we have 

l|G»V'Sllt<^{(j5S'''“-BS)-^} WS. |VG,|yS>«. (5.14) 

Thus, the assertion (ii) follows from (4.11), (5.13) and (5.14). □ 

Proposition 5.3 (ground state expectation and Bohr radius). Let 0 < |e| < Then, 

(i) for every i? > 0, ^ -D(log(3 + |a;|)) and 

log(3 + \x\)^jJ^A)n 

< {log (3 + 1 ^^)} + 4 + log (3 + +5i?-2 II^^aII?,. 

z^Ott 

(ii) 'iPkA e D{\x\) and (^/>^a , \x\'iPka)h < -^II^kaIIw 

(iii) For every R with 4 < R, ■^^a ^ -D(|a;p) and 

Proof: It follows from Lemma 5.2(i) that ip^A is in Zl(log(3 + |a;|)). We have 

, log(3 + |a;|)^/’^A)w = {U^-ip^A , U( log(3 + \x\)f:,,A)H 
= 1 U( log(3 + IxDUifj^fDn = (^Ia 1 log(3 + 

= {i’il , log(3 + = {f’nA , log(3 + ^^WkDh- 

Thus, by Lemma 5.2(i) with (5.8) and taking Ai = 1 so that r(l) = aZ, we have the assertion 
(i). On the other hand, it follows from Lemma 5.2(ii) that ■^^a is in D{\x\) and D{\x\‘^). By 
Lemma 5.2(i) with (5.9) and Ai = 1, we have 

{'ipKA , \x\f:^A)n < [R + 7R~^ + 2 ) II^kaIIh 

for every R > 0, which implies the assertion (ii). In the same way, the assertion (iii) follows 
from Lemma 5.2(ii) with (5.10). □ 
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Proposition 5.4 (exponential deeay). For every R with 4 < R and (3 with 


1 2 /9V47r\2 

2 R 4 [e^Zj ^ ’ 


'ipuA £ -D(exp[/9|a;|]) and 


, exp[P\x\]ij^A)H 

4 8(371 \ (1 2 


< 


1 + 


(3“^ ( 477 


2\ -!■ 




R? ^ Re^z) V2 R? 4 

Proof: Let g{x) = eh\^\R^ where (3 = 477(3({^Zf Then, in the same way as (5.7), we have 

^-iJr ^ (5.15) 


IVG^I" < + 2pR-^e^^ + 

By (5.15) and the same limiting argument as in the proof of Lemma 5.1 with Ai = 1 
(r(l) = aZ), we get 

-1 


(€1 , Glij^:i)n < (4i?-^ + 2PR-^) (^1 - I - ^ ) 
By (5.13) and (5.16), we have 

, e«''IV'S>K < 


( 1 ) ||2 
kA Wth.' 


(5.16) 


l + (4i?- + 2^i?-) 


-In 






(5.17) 


2 i? 4 

By (5.17) with noting = {(j^fA 1 obtain our assertion. □ 


6 Hard photon number bound 


Let 

h^{k) = 2-^/2^/3o(A;)e-*^-^o;(A;)-^/2(^o(A:). 

From the pull-through formula for a{k) one concludes 

a{k)H^Ai^^A = VdTTO h^{k) ■ (p + 2^a^Gp^^^ 

Fu){k)a{k)f)^A + H^Aa{k)7p^A, (6.1) 


from which it follows that 

{H^a - E^a + u:{k))a{k)7p^A = -V477a h^{k) ■ (p + 2^a^Gp^^^ + (j^a- 

Thus one has 

{(JkA, Ni7jj^A)n = [ \\a{k)7(^A\\Hd^k ( 6 . 2 ) 

JR^ 
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and 


WMkyip^AWn = - E^a +‘^(k)) ^hx(k) ■ (p + 2Vifa'''^^«A + </1 ^a||^. 

(6.3) 

In order to establish a uniform photon number bound, we divide the momentum space 
into the low energy infrared (IR) region, \k\ < 1, and the high energy ultraviolet (UV) region, 

I A; I > 1. Accordingly is separated into an IR part and a UV part, 

{'4’kA, Ni'ijj^A)n = [ \\a{k)'i/j^A\\‘^d^k+ [ \\a{k)^/J^A\\l^d^k. 

J\k\<l -llfcRl 

Here we consider the UV region (|A;| > 1) only and we do not need to worry about infrared 
singularities. In accordance we set r = 0 throughout. 

If one pays attention to the increase of the order of ultraviolet divergence resulting from 
the commutator 

[p, (6.4) 

the following inequality is useful. 

Lemma 6.1 For every a with a < and arbitrary k,,A with 0 < k < A < oo 

\\{H^a - E^a + oi>{k))~'^ha:{k) ■ (p + V 47raA«,A + V47raA*^) ^ka||w 


<CD{a)u{k) ^/‘^\hQ{k)\ ||^ka||w 

(6.5) 

in the UV region, where 


Cnicx) = C*i(q;) {^2 + {otZ) + 2\j2cx/7^ 

(6.6) 

with 

C^i(«) = (l-C^w(e))"''. 

(6.7) 

Proof: Let us set 


B = (L7kA ~ Ef^A + ^{k)) 

(6.8) 

Since 



Bh^{k) ■ (p + VAnaA^A) = ho{k) ■ Be (p + Va^A^a) B^B^ V 2 

by using and applying (3.17) for e > 1, it follows from (3.4) and (3.5) 

for r = 0 that 

\\BhYk) ■ (p + \/AKaA^Y) i^nAWn 

<\ho{k)\ \\B\\u{kYB (^||p5V2|| YAna\\A^AB^^^\\) ||^ka||w 

< Ui(a)cc;(A;)"^/^|/io(/i:)| (lb(77o + 1)“^^^|| + VAna\\A^A{Ho + 1)“^/^||) ||^«;a||w 
<CYa)u;{k)-^/^\ho{k)\ {j2 + {aZf + 
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Moreover, by using (3.5) for r = 0 and again (3.17) for e > 1 and sandwiching {Hq + 

+ 1 )-V 2 in between 


2^/7^\\Bhyk) ■ \\B^/‘^hyk) • 

< Cya)V4^u;{k)-^/y\{Ho + l)-^/"(i7f + 1)^/"|| 

Thus we infer (6.5) and the lemma follows. □ 


As an immediate consequence we state 


Corollary 6.2 For every a with a < and arbitrary k,,A with 0 <k,<A<oo it 

holds 

[ \\a{k)y^A\\nd^k < ||^^^||^. (6.9) 

J\k\>l OTT 

Proof: 



< 


2(27r) 


|fc|>i 


\k\ 


-2 


1 + 5^= 


-2 


d^k 


1 

37r^ 


Our corollary follows now from (6.3), Lemma 6.1, and the above inequality. 


□ 


7 Soft photon number bound 


To show the soft photon bound, one relies on the localization of the ground state More 
precisely, following [5], it can be proved that 



|a(/c)'^. 


kA 


< const a\ 


^I^kaII 


n 


(7.1) 


by using i [H^a , x] = p + y/A7raA,,A + VdTraA;^. 

By Proposition 5.3 a uniform bound on IUxI'^kaIP is available. However the prefactor in 
the bound in Proposition 5.3 (hi) contains the factor (e^Z)“^ which becomes large for e —0. 
Since and also depend on e^Z conflicting requirements result. As can be seen from 
Proposition 5.3, the only resolution is to improve the prefactor by lowering the estimated 
moment. The main task of this section is to device an iterative scheme a la renormalization 
introducing an energy scale parameter, which systematically reduces the order of the moment 
bound. 

Throughout this section, we consider the infrared region only. 
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7.1 Basic estimate 


We denote the components of by {j = 1,2,3), i.e., A^^ = (Aa,i, Aa, 2 , Aa, 3 )- 

The following estimate is too rough for controlling the infrared singularity, nevertheless it is 
useful. 

Lemma 7.1 Let F,G be R^-valued functions of k E independent of x E Then for 
every a with y/a < and arbitrary n, A with 0 < k, < A < oo 

(pj + V^TraA^Aj + V47raA*Aj) 

< (^Cnia)+mm{\Fj\,\Gj\}^u{k)~^\\ij^,A\\n ( 7 - 2 ) 

in the IR region. In particular in the case either Fj =0 or Gj = 0, 

Proof: By using (3.5) and (3.17) with e < 1, we have 

< Gi{a) (y27ru{kfj ||^/’«,a||h, 
and, by using ^jJ^A = uJ{kyBB^A^jJ^^, 

< \\B^Bb^-^\\ \\A^A,je^^'%H, + + l)'/2(i7o + l)-'/'(ilo + lY^^B^/^fj^AWn 

< \\B^B\\ ||A,A,,(llf + l)-'/'e*''-"(7ff + l)'/'(17o + l)“'/'(77o + IY^^B^B^^aWh 

+ ||(i7f + l)V2(^^ + l)-i/2|| ||(i7o +1)1/2^1/211 

< Gi{a) (^V27ru(k)^ ^ ||i/’«,a||w- 

Next we estimate ||i?e*'^'^Pje*'^'*'^KA||H- Using e'^^'^pj = pje''^'^ — Fje"^^'^, we obtain by (3.4) 
and (3.17) with e < 1 

< \\Bp,F^-^F^-^fj^A\\H + \Ff WBR^'^F^'^ij^AWn 

< u;{k)-^Bi\B^/\Ho + + l)-'/V,e*^-V«-"^,A||H + \Fj\ ||il|| U.aWh 

< uik)-^ (C, (a) ^2 + {aZy + |U,|) IHj.aWh- 
Alternatively using pjC^^'^ = e^^'^pj + GjC^’^'^ we have 

<Uj{k)~^\\pjll)^A\\H+\Gj\ ||5|| \\f)KA\\H<^{k)~^G\\pjB^G.^p^^\\.^A^(J^Y^\Q.\ 

<uj{k) ^ (a) \J2 + {aZy + |Gj|^ ||//’ka||h, 

where we used (3.17) with e < 1 in the last inequality. Hence (7.2) follows. □ 
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7.2 Energy scale renormalization 

Let 7 (A;) = l3Q{k)(pQ{k). From the pull-through formula (6.1), one has 

= V47ra (7.3) 

with Jq = ■ D and D = p + At; a + VdTro; Therefore, 

/ \\a{k)ipi^A\\\i^d^k < const, x / uj{k)~‘^'^{kY\(pra{k)\^d^k 

J|A:|<1 7|A:|<1 

= — logK (for small k). (7.4) 


As mentioned already, to avoid such infrared divergence, one considers the commutator 

i [i7«,A , x\=p + VdTTcr At; a (7.5) 

which yields then an infrared convergent bonnd proportional to , \x\‘^''Pk,a)h- We have to 
reduce to moment bound from \x\^ to log(l-|- |a;|) and hrst explain the iterative constrnction. 
In onr specihc application, in fact, two iteration steps snffice. 

Let us start with the identity 

[H.k , (7.6) 

where fj depends only on k and Dj = pj -|- VdvraA^A,j + V27rQ;A*^j. Then 

Dj = [H^a , (7.7) 


Moreover 

Let be a given scale of R^-valned fnnctions on R^. Their proper adjustment will be 

part of the proof. We dehne 

n 

= h + j = 1,2,3, £=1,2,3, 

m=l 


and set 





, and — {ki,k2,kz)- Note that 

_ g-igU’"+y.a; 


(7.8) 


Since 


[H, 


k,A ? ^ 




= [H, 


k,A ? ^ 






= [H, 


kA ’) ^ 


-ig[j,ri 




+ e 




'n 


kA 


if" 

e 


one obtains that 


[H, 


kA 


if 

e 


= e^3 


[3,n] 


'[H, 


kA 




0^9 


[3,n]. 


'[H. 


K.A ? ^ 


-igUM. 




(7.9) 
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From (7.7) and (7.8) one infers 

3 


= E 

i=i 


I | = Jn^.A + ^lo, (7.10) 

. f i 


where 


3 k 




j=i Ji 

'J'lo = -^EVj^e 

^i=i 


[77^a 5 6 

^kA- 






By (7.8) and (7.9) one gets 


k 


3=1 fj 


^3 CtT -igbA].x-l if^^^Xj 


hii^nA = E TIT] [^-A , e-*""’ "1^,A - E -Jn[H.A , 


— f[l] 
J=1 Jj 

= 'Fii + d'la + ^13, 


1e*h 


(7.11) 


where 


ki 


—iAjy^] .-7 


^11 = E7m(^-A-i?.A)e-*""’"">.A, 

r^- ni 

IpnA, 


^ i=i /' 


J=i Jj 
^ ki 


*.3 = i: (s'^l ■ b) e'^i 

1 = 1 /?' 

Moreover we decompose \l/i 3 as 

1111.3 = E ^^'^kA + 


13 ^ 41] ' 

1 = 1 Jj 


1=1 e=i fj 
= 7i4kA + 11113) 


where 


3 . - *:) + + +) 

/. = y/;, /;:= A 3 ^ a 

i=i + 




[ 1 ] 


®i3 = 

j = l£=l fj 


and we used the dehnition of 
Set 


—• ^[l] 

h = Y^Iie-^^3 ^3- 

1=1 1=1 


^ 3 % (% + /'“') 


/ 


[ 1 ] 
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Then the error term T®’’ is defined as 

Tf := (Ji - I 
Therefore we obtain that 


i=i 


Ios’ka — X/ + '^r- 


(7.12) 


u=0 


The scale function is chosen such that | 7 (/c)p||i? Z]i)=o integrable at small k. 

Therefore, the first term of (7.12) can be retained. The map from Iq'iPkA to Ii'^PkA is called 
the first iteration 77i. We repeat the same procedure as applied to h'lpuA- Then, by (7.7) 
and (7.8), we get 




kj (fej + /: 


[1] 

1 J 


1 -j/f'xj 


e "’"'"" 1 TM '"’''”'' ’ ''^’’’'1 ■ If?' 1 

fj 

= 121'4’kA + 'I'20) 


f: 


[ 1 ] 


(7.13) 


where 


_ (k, + /]']) 

-'21 - 2 ^ 






f [1] f [2] 

j=l Jj Jj 


^20 = -^E 


1 A kj {kj + /]^’) /, 


[ 2 ] 

j —iaUA]. 


i=i 




[1] 


igu^^i-x 


^kA- 


By (7.8) and (7.9) one obtains 

» k,{k, + fi" 


hii^KA = E 


•“—' f [1] f [2] 

J=1 Jj Jj 




^acA 


_ s fc, {k, + /'" 




1=1 


where 




A k, {k, + /J-i) 


|il«A. e-»'"''"le‘#''iVVA 


[1] m 


.=1 

= T21 + T22 + ^ 23 , 


'I'21 = 


'I'22 — 


7 % ij, + /'■!) 

PI] .[2] 

1=1 Jj Jj 

1 ^ kj {kj + 

2 ^ f W f [2] 

1-1 Jj Jj 






'I'23 — E 


J J] 

kj {kj + 0 


- -' A'[l] ^[2] 

1=1 Jj Jj 
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Moreover ^23 is decomposed as ^^23 = hi^KA + ^^ 23 , where 


h = 


'^23 — 


^ kj jk, + /j") (% + /]“' + ff) 


i=i 


/J"/f 




hi+ /'")*='. 


j=ie=i 


[ 1 ] m 




/r/. 




Here we used the dehnition of Therefore, we obtain that 


3 

Il'lpnA = '^2u + hi^KA- ( 7 - 14 ) 

1^=0 

Again is chosen such that \'y{k)\‘^\\BY,l=o'^ 2 u\\n is integrable at small k. Therefore, the 
hrst term of (7.14) may be retained. Then, in the same way as for Ji we can get I 2 by using 

•r[2] , ~ 

the dipole approximation only for the last factor in each component of l 2 - The map 

from Ji'^kA to I2'4^kA is called the second iteration 77-2. In particular the iterations may be 
repeated ad inhnitum. However, we stop our iteration here and set 


h 


h. 


So, there is no error term from the second step. 

Lemma 7.2 There exists 5 with 0 < <5 < 1/2 such that for every a with a < e/^/dvr and 
arbitrary k, A with 0 < k < A < 00 

- E^a + uj{k))~'^ha:{k) ■ (p + 2 ^a^k^A^A + ip^A - 

'H 

< 3 (a) + \-f{k)\ \k\^ ||^/«a||h 

holds in the IR region. 

Lemma 7.3 For all a with a < and aZ < 1, and every e with 1/2 < e < 1, it holds 

a [ | 7 (A;)n|HTf < Ma {9 + 2L{a, ZY + 9x 19-^L{a, Z)} ||^«a||^, 

where 

L(a,Z) = logi3 + ^j, 

lSC,(af(Co(a) + lf 

e'n‘^ 

In the same way as for the proof of 6.2, from Lemmas 7.2 and 7.3 it follows 
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Corollary 7.4 We have for every a with a < and arbitrary k,,A with 0 < n < A < 

oo 


'\k\<l 




< 


^ (sCnia) + y) + 2Ma (9 + 2L{a, Zf + 9 x IW^Lia, Z)) 


11^. 


2 

kAIIh- 


(7.15) 


7.3 Proof of Lemma 7.2 

We choose our energy scale parameters as follows: for fixed e with 1/2 < e < 1, we set 

/j‘'W = l*:|‘. /fW = -/f'W. J = 1,2,3. (7,16) 

Then, the following inequality 

1 % + /f'l < l*:,l + l/™l < (1*^1 + l*:|‘) < 2|A^|' (7.17) 

holds, since \k\ < 1. 

For 

2 3 

BIo'ipKh - d'f = i: i: +b/2V'.a, (7.18) 

n=l !/=0 

we estimate each term in (7.18). Using (7.16) is estimated from above. Let us hrst 

consider B'^iy. One has 

iiBTioik < iyi^i i/J"i iiBii iii^aaIIks i^nivvAiiK. (7,19) 

£ I: 7 U-I|b(b.a-b.a)II lk-»“’“'>.All« 

J=1 \ jj I 

< m^~"U^A\\n (7.20) 

and 

Note that 

j=i \ jj I i=i 

Let be the set of even permutations of (1, 2, 3). Then by (7.17) 

i = l a£P+ 

< {Mk\^" + 2\k\^"} = 18\k\^A 

a&V+ 
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Hence it follows that 

Moreover it follows from Lemma 7.1 that 

j = li=l \jj \ 

< QCD{a)\k\^~mip^A\\H- 
Next let us estimate B'^ 2 u- By (7.17) one has 

1 3 lu.l \U\ fW| I /■[2]| 

I|B'I' 2 oII« < ^l|g|li: \ ’ ' llfeAllH< 3 |<:n|feAllw. 


IIbi'j.IIk < E 


i=i 

3 \kj\ \kj + f^ 


Wi 




5 I/™I l/fl 

< Q\k\^~"\\'(pKk\\H 


(7.21) 


(7.22) 


(7.23) 


(7.24) 


and 




< 


l/fl l/fl 

1 ^\kj\ \kj + 


E 


mU l/fl l/fl 




'J I 

Note that /j^‘ = —/f. Therefore by (7.17) 

3 11. .1 11. I rlh 


l^jl l^i + /fl| J,-,21|2 / f- 1^1 l^i + /f I 


y- l-JI l-J ' jj l |„h,2]|2 ^ 

|.[i]| |.[2]| I ^ |.l 

i=i \jj I \jj I i=i \jj 


■J=^ \JJ I \JJ 

and in addition 

3 


[ 11|2 


i=i 


^|^[j-2]|2 _ jhf + 2 + |/c^(3)P| 

<76^3+ 

= E { l ^( 7 ( l)P + | fc ( 7 ( 2 )|^ + |/ i ^ fT ( 3 ) r } = 3 |/ i;f 


i=i 


< TG-Pt 


Since |A;| < 1, one has 


IIBT22IIH < m"-^\\i^.A\\n < 3 |A;/-||^.a||„. 
Moreover it follows from Lemma 7.1 and (7.17) that 

l|B>t23l|« < EE '/ 7 . C ! 


(7.25) 


i/ri i/ri 

< 12C'B(a)|A;|'-^||/>,A|k. 


j=ie=i 


(7.26) 
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Combining (7.18), (7.19)-(7.26) and (7.27), we complete the proof of Lemma 7.2. Set 
d = 1 — e. Then 0 < 5 < 1/2. By (7.19)-(7.27) one has 

2 3 

n=l i/=0 

< + 2 (3 + 4Cn (a))} ||V..a||«. 

Noting < 1, the above inequality implies Lemma 7.2. 


7.4 Proof of Lemma 7.3 

The estimate of the error term shows how our iteration improves the moment bound. 
We use the same e as in the proof of Lemma 7.2, i.e., 

1/2 < e < 1. 

First, by (7.17) and using and (iLf + l)“^/^(i7f + 1)^/^ = I, one has 

pjl-(^1 _ ^,a||h 

= 2\k\ 

< 2\k\ || - l) {H{ + 

(7.28) 

By (6.4) one gets Dj , = —^b’llg-ic/bai.a;^ Thus by (7.17) one 

has 

||Bi/2e-*^''’"'^Dj(i7f + l)-i/2|| 

< + 1)-1/2|| + |^[L1]| ||5l/2|| II ^ ^^_l/2g-igUal.x|| 

< \\B^Bjj.(^h^ + l)-i/2|| ^ 2\k\^-^B_ (7,29) 


27 



On the other hand, by (3.4), (3.5), and (3.17) in the case e < 1, one gets 

< \\B{H, + 1)V2|| + l)-'/^p,|| + 

< CD{a)\k\-^/\ (7.30) 


By (7.28)-(7.30), one obtains 

\\Bil (l - e-''i‘'“'>) V,a|I« < 2\k\'l^ (Cc(a) + 2) || - l) {Hi + 

( 7 . 31 ) 

where we used \k\^ < 1 < Oi(q;). Then, by (7.31) and using the change of variable, we have 
|7(A;)n|5Tf||^d3^ 

nl 3 


< 


|fc|<l 

27r 


2(27r)3 Jq 
3 


sinOde - X E^j^ + r) ^ (^1 - e 


< ^ {Cd («) + 2f ^ II - l) {H, + 1)'/' (77,a - + r)"'/' ^.A||^dr 

< 4 (Cd (a) + 2)' /' S{r)dr, (7.32) 

TT^ Jo 


where S : [0,1] —[0, cx)) is defined by 


E 

^(r) = { J=i 


r-i/2 - l) (iff + 1)^/V^A 


for 0 < r < 1, 


H 


(7.33) 


0 for r = 0. 

We note the following points: (i) S{r) can be written as an integral over x according to 


>^(0 = E I, - l) (Hf + ^.A 


{x)d^x. 


T 


(ii) '^kA £ D{x^) n D{Hi), and x and (iff + 1)^^^ are (strongly) commutable in the sense of 
the dehnition on p.271 in [21]. Thereby it can be proved that ■^^a ^ D (^x {H{ + 1)^'^^), see 
Appendix B. Thus, one has 


^(r) = r2h-V2) ^ 
i=i 


(iff+ 1)1/2^^^ 


0 


H 


as r —0. On the other hand, it is easy to see that S'(r) is continuous on (0,1]. Thus, S'(r) 
is continuous on [0,1], and 


3 /•! 


S{r)dr = \\{Hf + l)^^^^lJ^A\mx)J2 


/R3 


1 = 1 ' 






drd^x 


I k ll(ff, + l)''7AAllt(^) E ^-^dsd^x ( 7 , 34 ) 

£ JkJ ^ Jo s 


s 



by Fubini’s theorem. Note 


/•lo^ 1 _ PQO o /•27r(n+l) qi 

/ - ds<3 + ^-— / (1 - coss)ds < 7 ^ + loglS + —, (7.35) 

Jo S n=l J21^71 oU 

where 7 ^ is the Euler number, 7 ^ = 0.57721 ■ ■ -. Thus, altogether 

/•hh 1 — coss , , ^ 91 

/ - ds < 7b + log 15 + — 

Jo s 30 

for \xj\ < 10^. On the other hand, 

rhjil —coss^ No^l —coss 

Jo s ~ Jo s 

for 10^ < \xj\. Thus, we have 

r\ 3 Jj\ ^ — COS 5 f 91 91 

/ -< maxK^+logl5 + — , 7 ^+ logl5 +—+ 21og|a;| [>. (7.36) 

Jos I 30 30 


r\xj\ \ 9X 

ds + 2 J ^ -ds < 7^ + log 15 + — + 2 log \x 


Set R = 10^. Then we have 

rhh 1 — coss 
Jo s 


ds= ( 1 - Xr (a^)^) / ' -—{xf f ' -— ^^^ds. (7.37) 

t/ 0 S 'J 0 s 


Since \xj\ < \x\ < so the integral in the first term of (7.37) is less than 7 ^ + log 15 + 
and we get by (7.36) 

/•hjll —coss, ^ 91\ , , 2 \ 

^- ds < 7 b + log 15 + ^) (l - Xfl (a^) ) 

2 r 91 91 I 

+Xb (a^) max + log 15 + — , 7 ^ + log 15 + — + 2 log |a;| j 

< (fb + log 15 + ^) (1 - Tfl (a^)^) 

+ (fb + log 15 + ^) {xf + 2 x^ {xf log |a;| 


91 2 

= 7b + log 15 + — + 2x^ {x) log |a;| 

91 9 

< 7^ + logl5 + —+ 2x^(a;)aog(3 + |a;|). 

By (7.34) and (7.38), we have 

^ S{r)dr < + log 15 + ^) ||^^^||^ + ^|| (i/f + 1)^/^ 


(7.38) 


2 


(7.39) 


where G^{x) = Xr{^ 


1/2 

+ bl) ) . We note 


- E,a)G^ = ^ (|VGJ 2 + - E^tOGl + G^T/.a - ^.a)) 
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with (5.8), C^^-ipKA G from direct computations, and = 0. Then, in 

the same way as (5.2), we have 

- (7.40) 

Thus, inserting (i7o + l)"^/^(i7o + - E^a + 1)~^/^{H^a - + 1)^'^^ between 

{H{ + and using Lemma 12.1, we have 

!!(//, +i)‘'"G,fcAllt 
< C,(a)"||(//,A - B.,a + 1)‘-'=G,V’.aI|?< 

— Gi(q:)^(GjjV'kA 1 ~ £^ftA)GjjV'KA)w + C, (a)^||GpV'KA H?, 

= Ci(a)2||(ir.A - E,A''"GM\n + Cl(af\\G,i,,^\\l,. (7,41) 

By (5.8), we have for R = 10^ 

snp|VG^|^ < 4 X 10“^log(3 + 10^) + 5 X 10“"^ 

X 

< 17 X 10"^ (7.42) 

By (7.40), (7.41), (7.42), Proposition 5.3 (i), and Lemma 12.1, we obtain 
II {Hi + XR{x)'J\og{?, + \x\)i)^A\\n 

< Cl {af {L(a, Z)2 + 4 (lO"" + lO’^) L(a, Z) + 27 x IO- 72 } WY.aWh 

(7.43) 

Therefore, (7.32), (7.39) and (7.43) imply the lemma. 

8 Overlap with atomic ground state 

Let Pat and Pq be the orthogonal projections onto the space spanned by ■^at and hi, respec¬ 
tively. Set P = Pat ® Pn and Q = {1 — Pat) ® Pq. We dehne 

(T^e) = |ep-2" +|e|7rT^ + e^ 3/4 < r < 1. (8.1) 

Fix r in (3/4, 1]. Then, there exists a positive constant such that 

G,(e«) = 1/2. (8.2) 

We prove the following lemma in this section. 

Lemma 8.1 Fix r in (3/4, 1]. For every charge e satisfying |e| < minle^y , , I}, and 

for arbitrary n, A with 0 < n < A < 00 , 

/ \ ^ 

< 8 Y j ^iR(e)l7«A||H, (8.3) 

where 

PiR(e) = 7rT^(|e|^"-3 + 3|e|'/2^ + eA (8.4) 
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To find good charge dependence of the cloud which electron dresses, we develop a way 
to analyze the cloud by using Lemma 11.1 in Appendix A. After this device, the following 
conditions work well; For g of (2.2) we take 


in this section. So, Ai = Att/Z now, and we assume 

lei < 1. 


(8.5) 


( 8 , 6 ) 


Namely, 


P<1. 


(8.7) 


Remark. The reason why we introduce Ai is to avoid the trouble mentioned in the remark at 
the end of Section 3. By Lemma 3.1, we have C*(ck, r) v/6/(AiZ) + o( for sufficiently 
small a. So, we can make C^{a, r) less than 1 for sufficiently small a in case of (8.5) though 
we still cannot control the factor \/Q/{\iZ) = y/Q/An by a. 


In this section we restrict r to lie in the range 

3/4 < r < 1. 


( 8 . 8 ) 


For simplicity of notation, we use the hue structure constant a for a while, rather than 
the charge e. Since the external potential —aZr{—T)l\x\ in is of long range, as is well 
known, all negative eigenvalues of have hnite multiplicities, and they only accumulate 
at 0. Thus we take a positive E such that 


K 


at 


<-E < = 


(Q;Z)^r(—2r) 


(8.9) 


Let be the orthogonal projection on to the space spanned by Set = (1 — P//') (g) 
Pq. Then, since U*Hi^pJJr and differ only by the multiplicative factor r(2r), one has 


u;QUr = 


Thus, 


Since P/"/ < < 


(^.A, u:QUru:iJ,^)n = 

E < E'' 2 ^ < 0 by (4.2) and = 0, one has 


^at 


0 < (-f-i!i:>)||0‘'VSll«<(£r’-£lP«y«''VS)« 

< . (HZ + Hi-EZMtDn = . ff,"VS)«. 


( 8 . 10 ) 
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which implies that 






since 


£ — i?at' > 0. Taking £ 


kAIIW — 

('t) 


-£ + \E, 


(t) I 
at I 


ii<3‘'vaiit < 


i ?2 , one gets 
8Af 


3(aZ)2a- 


rrT(0"¥S. 


( 8 . 11 ) 


We will estimate the right-hand side of (8.11). Let 


.{Qf'V, 




= ii) + {ti), 


( 8 . 12 ) 


where 


(i) = -vl4TOr(T)(Q‘'V>S , (p ■ A'’l + ■ pH’llDn, 

(tt) = -2irar(2r)(Q<'>.0a, (8l«" + 2^"* ■ .4^ + 


)-H- 


(8.13) 

(8.14) 


Noting = 0; ^te same way as the proof of [3, Lemma 4.7] we estimate (i) and {ii). 
Concerning {i), one has by (3.4) and (3.5) 


< ii(//r+i)‘''V’>.0«ii„ii(ffr+i)-‘iyii p«(i/i'>+i)-‘/i ii(//r+ 
^r(-T)\/2(i-£)i;>) ii(//r+i)‘/ysii?(, 


< 


TT 


where we used [{H^q'' + 1)^/^ = 0. Since = 0, we have 

KQ(^vri,4r-p^ri)^i = o. 


It follows from (3.17) that 


||«> + Ij'/vailw = IIW’ + + l)-‘''VSll« < C,(a,T)||«i2||«, (8.15) 


where Ci(Q;,r) is defined by (3.18), i.e., Ci(Q;,r) = Ci(e,r) with the charge e. Then 

1(1)1 < (8.16) 

VTT 

follows, where 

0i(a)=a'/2 y2(l-i7M). (8.17) 

Before estimating {ii) we make the following. 


Remark. The immediate inclination is to work with revised atomic units, i.e., r = 1. Then 
the prefactor in (8.11) is 8Af/3Z^. Unfortunately, if we had invoked the standard way using 
Lemma 11.2(ii) (e.g., [3, (4.19)]), the matrix element would have a constant term, v^/(AiZ), 
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independent of a because of the same reason written in the remark after Lemma 8.1. As 
mentioned in the remark, Ai should satisfy v^/2’ < Ai to make C*(q;, Z) less than 1. There¬ 
for, we could not make (8.11) small enough. To resolve such difficulty, we leave the position 
scale parameter r(r) open and optimize it at the end of the estimate. 


Lemma 8.2 


follows, where 


[ii] 


2 C*i(Q;,r) /(t)ii 2 


TT 


(8.18) 


02 (a) 

= -ar (2r) + v^Q;r(r) 




e(l - e) 



+ \l-aE\(T) 


a 


a 


e(l -2e) 


r(—2r) 


(1 — 16e^)7r 


'11/2 

r(-2r)| . 


(8.19) 


Proof: Let = {k G M.^\\k\ < 1} and \ Rm- For / G L^(R^) we split / = /m + 

/uv dehned by /ir = fX\k\<i and /uv = fX\k\>i^ where x^k\<^ is the characteristic (indicator) 
function of {/c G | \k\ < 1} and x^k\>i = ^ “ A|fc|<i- 

Dehne = jF(L^(Rfjj^)) and T 2 = •F’(L^(Ryy)). Then there exists the unitary operator 
U : T — T\ ® We identify T\ ® with T through this \J, so that Ua^{f)U~^ = 
® 1 + 1 ® a**(/uv) = a^ifm) + a‘*(/uv)- Set 


and similarly. 


We set 


Hfi = / uj{k)a*{k)a{k)d^k, H {2 = / u{k)a*{k)a{k)dk, 
J\k\<l J\k\>l 


Nn = / a*{k)a{k)d^k, W 2 = / a*{k)a{k)d^k. 

J\k\<l J\k\>l 


Np := / uj(k)^a*(k)a(k)d^k, p >0. 
J\k\>l 


( 8 . 20 ) 

( 8 . 21 ) 

( 8 . 22 ) 


So, Nq = N {2 and W = Fff 2 - 

Since = a(/^Fi) = a(/il^^^) a(/uv^^), we have 


\{Q'’VP, a'PX'PU 

< i{Q">yy a(/,iw)y«)„i+2i(Q''v.«, o(/,i'"')o(/„y)vS)«i 

+i(Q"’vtA. o(/„yyv'S>«i 

= i{«(/Tyv'Vty +2 |(o(/,iw)‘q‘'>V'‘a. 

+i(Q‘'VS. o(//yyv'S>Hi. 
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We note that by Lemma 3.2 


x|i(i/,+ ly/HHir + i)-'''"iiii(ift’ + i)''"(ffrA - 

< Ci(a,T) (||/,l<'VVxj||l^ + Il/m'’lll0 II/iL’/x^IUHIV’SIIh 


and 


!(»(/,L’)*«''V2.«(/d'’)<*S)«l 

< ||a(/,lM)*(ft +1)-‘-'=|| iKft + i)'-'=Q'''V'SII«l|o(/„y’)(ft +1)-'/"!! 
x||(i/, + ly/HH'o' + 1)-'-'"!! + ly'HHyi-syi + ij-'/'i 


x||(^?tA-£tA + i)‘'VtAll« 




||2 

\\n 


< 


r{-T)Ci{a,T) 


u. 


k,A 


||2 

IIt^’ 


where we used (3.10), (3.11), (3.12), (3.17) and the fact that (iff + l)^/^(5‘'^ViA = 
So, one has 




«A. 


< 


Ci{a,T) (I 


TT^ 


(2 + WAWh + KQ^^VIa , «(/uv"^)ViA)wl 


(8.23) 


Before estimating KQ^^VIa ) ®(/uv'^^)^l(’iA)H|; we introduce some notations to profit from 
Lemma 8.3 below improving Lemma 6.1 in the case 0 < r < 1. 

Let 


From the pull-through formula one concludes 


a{k)ip^A = — VdTTQ; 


^{T)B^hr,x{.k) ■ (p + + a^^‘^r{T)A 


lM=' 

^kA 


i'r) 

kA"! 


(8.24) 


where 


Br = (Hyi - E',2 + ^(k))-\ 

By Lemma 11.1 (i) and (ii) and using (iVf -|- l)^/^(5^^ViA = Q^^VIa) one has 


i«‘'va.a(/„yvv'S>«i 

= l{(A'o + 1)‘'"Q<'VS . (Na + l)-'''V/„y’)Wj;'(Af,2 + 1 )''"(/Vb + 
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< mn + IKAfa + l)'''"Q"Vail« 

x||(iVn+l)-‘'"iV2.(iV4.+£)-‘-'=|| ||(iV4.+£)'''VSll« 


^kA 11 Ti. 


1/2 


< V^II/uv'V^ii^ll^iAllH (ll^i/ViAllw +^II^K 

for arbitrary e > 0. So, taking £ \ 0, one gets 

I {Q‘'’V'S, <»(//«) v//)«i < v3ii//yvw‘iii4ii<fSii«iiA'4?'ifaii«- 

On the other hand, one has 


ii<vsiit = wa. A'4,<*a>« = /, w^MkwaWni^k. 

By (8.24) and Lemma 8.3 below, one has 


(8.25) 


(8.26) 


j|fci>i 

< 87rQ;r(2r)Oi(Q;, r)^ 
2ar{2T 


+ 


TT .t|fc|>l 


ifc|4. i'‘y(,(>ib »fc 

ui[k) 


(fk 


(8.27) 


On the other hand. 




'|fc|>i 
1 

dTT^ Jl 


d^k< 


uj{ky 


Att 

2(27r)3 Jl 

-2 


4+4. , r{2T) 


-2 


S + 


')4e-2 


+ d. = ^r(- 


ds 


+ s) ^ds 


r(2r)/2 


')4e-2 


TT^ 


< 

< 


r(—8er) ^(1 + s) ^ds + ^(1 + s) ^ds^ 

1 

r(—8er), 


24(i-de(l - 2e))7r2 
where we note that we assumed e < 1/4. In the same way. 


(8.28) 


/ 1^1 

'\k\>i u{k) 


r(—2r — 8er), 


(1 — 16e^)7r^ 

where we note that we assumed e < 1/4 again. Thus, by (8.26)-(8.29), one gets 

iiA'ifv-aia 


(8.29) 


< 


V2Ci (a, r) I f \/2(l - E^y) + ~ 


o4e+3 ') 1/2 

-aV(2r-8 er)i H^IaIIh- 


(1 — IGe^)?!^ 


(8.30) 
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Moreover we have 


\\f,V/‘^-\\h < 


,1-2. 


47r^ Ji \ A j 
Therefore, by (8.25), (8.30) and (8.31), one has 


22^+ie(l - e)7r' 


-r(—4r + 4er). (8.31) 


Since = 


and 



a 


e(l -2e) 


r(—6r) 




Hence (8.18) follows from (8.23) and (8.32). 


(8.32) 


□ 


Therefore, by (8.11), (8.12) with (8.13) and (8.14), (8.16) with (8.17), and (8.18) with 
(8.19), one obtains that 






< 


6^J^l 


(t) II2 

kAIIw 


16A^Ci(q;, r) 
37r 


-Q;r(4r — 2) + v^Q;r(3r — 2) 



a'" 


e(l-2e) 


r(2r — 4) 


1/2-1 


IIV'/’"' 




(8.33) 


Take e = 1/5. Then, for 3/4 < r < 1 and |e| < min{euv , , 1}, it is easy to see that 

2 |e 

TT 


C.{e,T) = + ^^1 - ^ + 36^" + 3) < a(e) < 1/2 (8.34) 


since 


1 - i?/:' < 1 + 


327r2‘ 


(8.35) 
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Therefore, by (8.10), (8.33), (8.34), and (8.35), we have 


I ('^kA ) Q'4^kKI'h\ 


25^6 

~ 


47r\ ^ 

Y) 


\er-^Wl\\lc 


„/47r\2 4ri, ,2 75 (25 

+Ht) 9 +T T 


47r\ ^ 


|4'r-3|U/,(r) ||2 


+HTj 9 e'"' +T ¥155^ 


|4r-2 ') 1/2' 


V^TT ) 3(4^)^ 9¥(4¥)^ 


\mrn 



(4¥)3 ^ 27(4¥)3 J J 


2 \ , , 25 1 , ,1 ' , 

^ ^ 27 12^^^^ I 


,¥) ||2 
kA IIW ’ 


where we used 1 < ^2(1 + ^^) to get the last inequality, which implies Lemma 8.1. 

At the end of this section, we still have to supply 

Lemma 8.3 For arbitrary g > 0, 0 < n, K < oo, and for every a with a < /Att, it holds 


WiKt - Ki + Uj{k)) ^hr,x{k) ■ {p + r{T)A^fl + r(r)A(:|*) 

< Ci{a,T)\U2{l - 


+vT/«‘¥(r)/^|j|V.SI|« 


(8.36) 


in the UV region, \k\ > 1. 


Proof: By using (77 (,a — Eka + = YYL applying (3.17) in the case e > 1, it 

follows from (3.4) and (3.5) that 

\\BrK,xik) ■ {p+VYYa r{T)AYl) 

< \hr,oik)\uj{k)-^\\ (p+VAYff r{T)A^fl) + 1)“^/^|| 

X||(i/« + iY/^hYI -EYl +1)-'/^|| \\{HYl-EYl + i)'/VSIIh 

< \hr,o{k)\u{k)-^ {\/2(l - EfY) + •\/^a^/V(r)|c'l(a,r)||^7iAl|w• 

Moreover, by using (3.5) and (3.17) in the case e > 1 again, 

\\Brhr,x{k) ■ r{T)Alf^f)Yl\\-H 
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< r(r)||5y2|| \\Bl/‘^hr,x{k) ■ 

< r{T)uj{k)-^/^\\Bll\H^;^ + + l)-^/"|| 

X||(i/f + iY/\H, + l)-^/^/..,.(A;) ■ 

< Ci{a,T)\/^'Ka r(r)c<;(/c)"^/^||(i?o"’ + + 1)^^^|| 

x|/.,o(A:)| ||(i^f + l)-^/^4ril WA\h 

< Ci{a,T)\hrfl{k)\uj{k)-^/^a^k^r{T)\\i)Yl\\H- 

Thus we infer (8.36), and the lemma follows. □ 


9 Proof of the main theorem 


We prove Theorem 1.3. By taking e = 3/4, so 5 = 1/4 in Corollaries 6.2 and 7.4, we deduce 
the following bound on the number photons in the ground state. 

Lemma 9.1 There exist positive constants Ci, C 2 independent of e, n, and A such that 
< (28CD{e) + 39 ^ 

+6C'i(e,0)2(^C'D(e) + 2)"(^9 + 2L(e, + 9 x 102L(e, Z)) 

for every e with |e| < and arbitrary k,,A with 0 < k < A < oo, where 

L(e, Z) = log (^3 + 

/ 

V 


47r 


11^. 


kaIIh 


and 


CD(e) — (1 — Cuv (e)) 


\ 


2Af!£) 


47r 


vr 


We recall the overlap estimate from Lemma 8.1: fix r in (3/4 , 1]. There exists a positive 
constant such that for every charge e satisfying |e| < min {e^v , ,1}, and for arbitrary 

K, A with 0 < K < A < cx). 


/ zl'y]' \ ^ 

(pPkA , Qf^KA)H < 8 

where is dehned in (8.4). We introduce the positive constant by 

1 / Z-' ^ 


(9.1) 


n»(eS) = 


-V 


16 \47r/ 


(9.2) 
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Then, we can prove Theorem 1.3 as follows: 

We consider normalized i-e., ||'^ka||w = 1- Then, there is a subsequence {'J/’kaIka 
such that 

w- lim lim ■^^A = ipg ^ Ti.. (9.3) 

K^O A^co 

We establish that this 'ipg is a ground state for H of (1.9). Because of (4.5), we only have to 
show that ipg 7 ^ 0, see [3, Lemma 4.9], which will be obtained by proving that the overlap 
(t/’g ) t/’at ® ^)h 7^ 0 for sufficiently small |e|. 

We have 

|(^/>at ® ^4 , 'ilJnK)n? = (^kA , PiJKK)n, (9.4) 

and, by Lemma 9.1 and (9.1), 

, P'4)>,K)n = {'tpnK , 1 ® Pn'tpKhPH - {^kA , QPJka)h 

— 1 {P^kA ) 1 ® {P^kA ) QP^kaPtH. 



where cq is the constant in the photon number bound from Lemma 9.1. Thus, hnally we set 

Sir = min {v^/co , 1, . (9.6) 

Then we have 

|(^/>at ® > GiR(e) > 0 for 0 < |e| < min{ejj^, e^v}. (9.7) 

10 Outlook and open problems 

Theorem 1.3 does not touch the obvious question concerning the uniqueness of the ground 
state. To prove such a property the natural method is to establish that the semigroup 
t > 0, is positivity improving in the Schrodinger representation. While this property holds 
formally, a complete proof is still under construction. 

The existence of the ground state as such provides little information on the binding 
energy, except for the lower bound of Proposition 4.4. However on a formal level information 
is available and we discuss it with the hope that rigorous bounds will be supplied in the 
future (we mention that such bounds are available for the quantized Maxwell held [13], 
which however diverge with A —cx)). Energies are in units of the bare mass m{= mc^). By 
dehnition the (positive) binding energy is 

-Ebin = m(Eg - Eo), (10.1) 

where Eg is the ground state energy of H and Eq the inhmum of the spectrum of H with 
Z = 0. We regard e as a small parameter. It enters in the coupling to the Bose held through 
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eA and in the strength e^Z of the Coulomb potential. The latter is kept fixed and our 
strategy is to expand Eg in the former up to order e^. Since i?at = thereby Eg is 

determined to order e®. This means Eq has to be expanded also to order e®. Taking the 
difference in (10.1) all terms cancel except for 

E(^) = Ao ■ Ao^(Pf ■Ao + A*o- ■ Ao + A* ■ Pf)^A* ■ (10.2) 

0 Pi Pi Pi 

where Pf = f ka*(k)a(k)d^k is the total momentum of the bosons, Aq is A of (1.10) at a; = 0, 
and Pi = fff + IPf^. The net result is 

-Pbin = m(Pat - e^(27r)“^ / (2cj)~^/3^(k ■ 

\ Jr3 

e*^-(ifat - Pat + u)-^e-^^-^k ■ piJ.t)pd^k + p(®) + 0{e^)j . (10.3) 

We now use that 

- Pat + = (Pat -E^i+u + ^k^-k-p)-\ (10.4) 

Expanding the resolvent in k ■ p, each order picks up an factor through taken the matrix 
element with Thus 

-Pbin = m(Pat - e^^(27r)"^ / (2a;)"^/3^/c^(p^/>at, 

\ o JrS 

(Pat - Pat + O; + ^kY^ ■ p^.i)L^d^k + P(®) + 0(6®) j . (10.5) 

Note that the integrand is bounded by oj~‘^[3‘^k‘^ which is integrable. 

Physically, energies are calibrated in the effective mass meg, rather than m. rriefr is 
dehned in the following way. For P = 0 the Hamiltonian P commutes with p + Pf = P. 
Thus P at hxed total momentum is given by 

Pp = ^ (P - Pf)' + e (P - Pf) ■ Ho + eH* ■ (p - Pf) + ^ (^Af + 2HSHo + Hg) (10.6) 

as acting on T. Because of infrared divergence Pp is expected to have a ground state only 
for P = 0. We set 

Pp = inf a{Hp). 

By the results in [8] Pp is rotation invariant and 

Pp = Po + ; 7 ^P' + O(P^) (10.7) 

2mefr 

for small P. Thus from (10.7) 

^ . 1 A ^ , 

-= 1 — -APp p=o 

meff 3 

= 1 ~ ~ sHq) ■ (Pq — Pq) ^(Pf — eHo)t/’o)p; (10.8) 
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by second order perturbation theory in P at P = 0. Here ipQ is the ground state of Pq, 
Pot/’o = Eo'ipQ. The inverse operator in (10.8) is well dehned, since (V’o, (-Pf — = 

(VpPp)p=o = 0. If u{k) = (/c^ + with mb > 0, then Ep is an isolated eigenvalue 

[8] and (10.8) follows by standard perturbation theory [14]. If k = 0 and A < cx), Chen [7] 
proves that Ep is close to P = 0. Expanding m/mefr from (10.8) in e, one obtains 

= 1 + e2-(27r)-3 [ {2uj)-^k^j3^d^k + 0{e^), (10.9) 

m 3 jb3 

which suggests that the mass renormalization in the Nelson model is hnite. If mb > 0, (10.9) 
would be the first two terms of a convergent power series. 

Writing —Pbin = /^es){Eg — Eq) and inserting (10.5) and (10.9) one obtains 

—P^bin 

= mefffpat + e^^(27r)“^ / {2u)~'^p^k'^ 

\ 6 Jb3 

(p^at , (Pat - Pat + CU + ^/c^)“^(Pat “ Pat) ' P'lpsJt) L^d^k + P*^®^ 

+C>(e®)j. (10.10) 

Thus to order the large k behavior in the matrix element of (10.10) is precisely canceled 
by m/mes and the numerical correction to Pbin is reduced considerably. For the hydrogen 
atom the matrix element in (10.10) is not readily available. Approximating the operator 
ratio by 1, one obtains 

Pbin = -Patmeff (lOTl) 

The one-particle theory predicts —Patuiefr as binding energy, which is slightly reduced 
through the held huctuations. 

11 Appendix A 

Let = {k e K^||/c| < 1} and K^v = ^ L^(R^) we split / = /ir + /uv dehned 

by /iR = and /^v = 

Pfi and Pf 2 are dehned in (8.20), and Pn and Pf 2 are in (8.21). Np is dehned in (8.22). 
We note that Nq = Nf 2 and Pi = Pf 2 again. Then, the following lemma is a special case of 
[6, (3.1.21)] though it has concrete coefficient. 

Lemma 11.1 

(i) Let f,g& L‘^{R^^). Then, for e> 0, 

||(Pf2 + iy/^N^,^a*{g)a*{fm2 + l)-'/'|| < v^||/uv/o;ip2||(IIT) 

provided that f /ui", g/ui" G L‘^{R^^). 
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(a) For e* > 0 and U > 0, i = 1, 2, 3, with tiSi = t 2 e 2 + t^es, 


7V*i < iV*2iV*3. 
ei — £2 es 


Proof: For (i) we have only to follow the proof of [6, (3.1.21)] and for (ii) that of [23, (2.32)]. 
□ 


In the following lemma, (i) is standard. In (ii), which is derived from Lemma 11.1, we 
develop a device to decouple infrared and ultraviolet problems. 

Lemma 11.2 

(^) For f e l\r^) w^thu-^/^feL\R^), ||(ilf + 1)-VV(/)|| < 

(ii) For f,g e L2(r3) yj^h ui~^^^gvv e L‘^{R^), 

m + l)-^^^a{f)a{g){H, + l)-'/2||« < E,{f,g), 

where 

^{f,9) = + ||^ir||l 2) ||o^"^/Vuv|U2 

+ (ll'^ ^^^/ir||l2 + II/irIIl^) ||i^ 

+ 11'^ ^'^^/ir||l 2||ci; ^'^^5fiR||j^2 + v^||ci; ^'^^/uv||l2||ci; ^^‘^guvUr^ 

+ 2 (ll'^ ^'^^S'kIIl^II/irIIlz + llo; ^^^/iR||L2||fi'iR||L2) • (11.2) 

Proof: (i) is a well-known fact. We will prove (ii), which uses the division of the momentum 
space into IR and UV regions. We hrst the following easy equalities and inequalities: 

Hf = iLfi -|- H{2 > Hfj, Nf = Nfi + N{2 > Nfj 

for j = 1, 2, and 

a{f)a{g) = a{fi^)a{gij^) + a{fi^)a{gyy) + a(/uv)a(fi'iR) + a(/uv)a(fi'uv) 

= ®(/lR)®(fi'lR) + ®(/ir)®(5'uv) + C!-(fi'lR)®(/uv) + ®(/uv)®(5'uv)- 

We estimate the above four terms separately. We have easily 

IK-f^fi + l) ^'^^o(/iR)a( 5 fiR)(iLfi-|- 1 ) 

< ||a*(/:R)(ilfl + l)-i/2||||a((7:R)(ilfi + 1)-1/2|| 

< (ll^■^^VIRlU2 + ||/ir||l2) ||0;“^/^^Ir||l2. 
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Similarly, we get 

\\{Hn + l)"^/^a(/iR)a(5(uv)(^^f2 + fmh^ + II/ 1 RIU 2 ) ||cc;“^/^5(uv||l2, 

||(i7fl+l) ^^^a(fi'lR)a(/uv)(-f^f2 + 1) < (||l^ ^^^fl'lR||L2 + ||fi'lR||L2) ||l^ ^'^^/uv||l2- 

Thus we have 

— (ll'^ ^'^^/ir||l2 + ||/ir||l2^ (^IIcu ^'^^5'ir||l 2 + ||a; ^'^^5 'uv||l2) 

+ (ll'^ ^'^^fi'lR|U2 + 11(7^11^2^ lieu ^/^/uv||l 2 + II (iff + 1) ^/^a(/uv)a(fi'uv)(-f^f + 1) ^'^^11 
by using that ify < iff (j = 1, 2). 

From Lemma 11.1 (ii) we have 

A^i%<(iVf2 + l)(^f2 + l), (11.3) 

where 

Ni /2 '■= ( \joo{k)a*{k)a{k)d^k. (11.4) 

i|fc|>i ^ 

Moreover, by Lemma 11.1 (i), we obtain that 

||(iVf2 + l)-^/Mfvv)a{g^v)K/l{Ni, + l)i/2|| < v^||o.-V4/^,||i.||o.-V4^^,||^.. (11.5) 

By (11.3) and (11.5), we have 

||(iVf2 + l)-'/'a(/Rv)a(77Rv)(i/f2 + l)-'/'|| 

= ||(.^f2 + l) ^'^^fl*(5'uv)o*(/uv)(l\^f2 + 1) 

<||(.f^f2 + l) ^'^^lV’i/2(lV'f2 + 1) ^^^11 II (iVf2 + l)^'^^iVj^y2®*(fi'uv)o*(/uv)(l\^f2 + 1) ^'^^11 

< ||(iVf2 + l)-'/2a(/Rv)a(77w)iVr/2(^f2 + l)'/'ll 

< V3||cu“^/Vuv||l2||cu"^/Vv||l2, (11.6) 

(see also Lemma 3.3(iii) of [1]), where iVf 2 < iff 2 on is used. So, we have 

||(fff + l)“^/^a(/uv)a(fi'uv)(^ff + 1)"^'^^|| < y3||a;“^/^/uv||||cc;"^'^Vv|| 
with the inequality iVf 2 < iff 2 < iff, since 1 < u{k) on Thus, hnally, we obtain 
||(fff + l)-'/V/)a(f7)(iff + l)-i/2|| 

< (||^■^^VIR|U 2 + ||/ir||l 2 ) (^||o;"^/Vr||l 2 + ||o;"^/Vv||l 2 ) 

+ (ll'42 ^'^^fi'iR||L 2 + ||(7ir||l 2) lieu ^'^^/uv||l 2 + V^||cu ^'^"^/uv||l 2 ||eu ^'^"^(y'uvll- 

Since a{f) and a{g) commute, taking their arithmetic mean results in (ii). □ 


The inequality (11.6) is proved here in the same way as in [20], [6, (3.1.21)] or [1, Corollary 
2.7]. We also use some well known estimates for massive bosons, i.e., uj{k) = \J\k\‘^ + rri^ 
with mb > 0, cf. [6, Lemma 3.1.3 and (3.1.21)] and [1, Lemma 3.3(iii)]. 
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12 Appendix B 

Let A and B be self-adjoint operators acting in a Hilbert space X. 

Lemma 12.1 Suppose that A and B are (strongly) commutable in the sense of the definition 
on p.271 in [21]. If ^ ^ D{A^) fl D{B'^), then g) E D{AB) fl D{BA). 

Proof: We rewrite A and B with the spectral decomposition as 

H = J^dEAiO, A = JvdEBiv), 

respectively. Then, one has 

/ e^dWEA ® EsievMl = / (VdllEAiOEBMffx 

< \j + \j rMEA(OEB(>ml 

^ y + y rM\EA(()EB(iM\l 

< y + y ri‘d\\EB(riM\l = 5 {\\AMI + \\BM\1) < 0 °. 

which means that (p E D{AB). In the same way, one has (p E D{BA). □ 
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